Its rate equations display a rich and complicated dynamics comprising fixed point, limit cycle and chaotic attractors. The WR network has been previously studied via deterministic and non-spatial stochastic simulation methods [18] [19] [20] [21] [22] [23] but never as a stochastic reaction-diffusion system where crowding and spatial confinement are explicitly taken into account.
In detail, we investigate the effects of spatial confinement and crowding on a minimal version of the WR network (MWR) (see Figure 1 (b) and Ref. 23 ) using hard-sphere 24, 25 Brownian dynamics simulations integrating chemical reactivity 26, 27 . We fix the population numbers for species E 1 , E 2 , E 3 , P 1 and P 2 (consequently the rates k 1 , k 3 − → P 2 (1c)
The main assumption in the MWR system 17, 23 is that three of the backward reaction rate constants shown in Figure 1 (a), namely k −2 , k −3 and k −4 , are much smaller than their forward counterparts and, hence, can be neglected (See Figure 1(b) ). The MWR system is composed by two main subsystems: a Lotka-Volterra oscillator [28] [29] [30] involving species A 
II. METHODS
All three autocatalytic species A, B and C are spatially confined within a spherical container, E 1 and E 3 catalyze the synthesis of A, and C, respectively, whereas E 2 catalyzes the degradation of C. P 1 and P 2 are the products of reactions (1d) and (1c), respectively, and they get instantaneously eliminated from the reaction pool, i.e., their constant population number is zero. The constant population numbers of E 1 , E 2 and E 3 and the instantaneous elimination of P 1 and P 2 lead to a biochemical network composed by A, B and C which is spatially enclosed and thermodynamically open, i.e., it exchanges matter and energy with the surrounding environment by means of three sources (E 1 , E 2 and E 3 ) and two sinks (P 1 and P 2 ). The constant values of E 1 , E 2 , E 3 are incorporated into the pseudo-first order rates
, respectively (see Figure 1 ).
The different chemical species in the MWR system are modeled as reactive, Brownian hard spheres confined in a spherical container. The details of the Brownian integrator used in our simulations can be found in Refs. 26 and 27. The radius of the hard spheres for species A, B, and C is 0.01 µm and the diffusion coefficient is D = 0.01 µm 2 s −1 . In all our simulations the time step is fixed at ∆t = 0.01 s.
To study the effects of crowding and confinement we run two separate sets of reactive 
III. RESULTS AND DISCUSSION

A. Population dynamics
We focus our analysis on the stationary 37 portion of our Brownian simulations. In Figure   2 we show a set of representative time windows for the population numbers of species A, B Figure 4 ), the presence of an increasing number of inert crowders in a constant volume container decreases the speed at which the information is transferred within the network (right panel in Figure 5 ).
In order to improve the clarity and conciseness of our manuscript, from now on we focus 6 Chemical reaction networks under spatial confinement and crowding conditions only on simulations performed under parameterization set kset3 as this set of parameters seems to have an additional layer of complexity with respect to kset1 and kset2 (data not shown) and carries all the significant information about our system. Information theory functionals can be also used to estimate the degree of complexity in the time evolution of the chemical network and its dependence from the container volume and from the presence of crowders. The complexity estimation quantity that we choose is an intensive statistical complexity measure which is the product of the normalized spectral entropyŜ(P r ) and the intensive Jensen-Shannon divergenceQ(P r , P e ) 42,43 defined respectively as:
with
where f r are the frequencies in the Fourier spectrum and N f = 4000 is the number of frequencies considered, and
where S(P e ) = log 2 N f = S −1 0 and Q 0 is the normalization factor for Q and P e = 1/N f . The statistical complexityŜQ is zero for both P r = {1, 0, 0, · · · , 0} and P r = P e = 1/N f , i.e., for spectral entropy S = 0 and S = log 2 N f (fully ordered and fully stochastic systems) 43 .
The results for the statistical complexityŜQ are shown in Figure 6 . The top panel shows that container volume variability does not significantly affect the average statistical complexity for species A, B and C (bothŜandQ do not vary significantly - Chemical reaction networks under spatial confinement and crowding conditions is possibly driven by a more efficient information transfer Figure 5 ) between the reactive chemical species.
C. Spatial statistics
The spatial organization of the chemical species in the network and its coupling with their population sizes are investigated employing a deterministic implementation of the DBSCAN clustering algorithm 44 , where 'boundary' particles are discarded as noise and with parameterization = 0.06µm and n c = 4. is the cutoff distance defining particle pairs belonging to the same cluster and therefore 'connected' to each other, and n c is the minimum number of 'connections' that defines a 'core' particle 44 . The presence of inert crowders strongly influences the spatial organization of the chemical species A, B and C in the MWR network.
In Figure 7 we show the average number of clusters (top) and average maximum cluster size (bottom) as a function of the number of inert clusters. On the one hand, the average number of clusters shows a weak tendency to increase for all three chemical species. On the other hand, the average maximum cluster size decreases with denser crowding conditions.
Among the three reactive species the maximum cluster size in species C displays both the largest values and the largest decrease rate. Figure 7 basically shows that the presence of an increasing number of crowders opposes the natural tendency of the reactive particles in our system to accumulate in well-defined regions of the available space. An interesting feature of the maximum cluster size temporal evolution is shown in Figure 8 . For small numbers of crowders the maximum cluster size for species A tightly mirrors the time evolution of the population of species A (species B and C show very similar behavior -data not shown). The 'correlation' between population dynamics and maximum cluster dynamics weakens with increasing crowders number. Indeed, table I shows that the mutual information 41 between population and maximum cluster dynamics decreases with increasing crowders numbers.
IV. CONCLUSIONS
In this study we investigate the dynamical behavior of a simple chemical network under spatial confinement and crowding. We observe that the presence of inert crowders affects in a 8
Chemical reaction networks under spatial confinement and crowding conditions non-trivial way the population dynamics of the reactive species in the network. The detailed analysis of the population dynamics of the MWR network under different confinement and crowding conditions presented in Section III represents, from a more general perspective, an example of the level of detail, not accessible to deterministic and stochastic well-mixed models, that can be resolved when spatial confinement and crowding are explicitly taken into account. In conclusion, we try to make the case for the use of spatial stochastic simulations as an elective method to complement experiments and to improve our understanding of complex systems where dynamics is both spatially confined and compartmentalized. Table I ).
